Simulating Particle Travel With Lattice Computers (Preliminary Report)

John Case� Computer Science Department 103 Smith Hall University of Delaware Newark, DE 19716

Dayanand S. Rajan DCS Yardley, PA 19067

Anil M. Shende Department of Computer Science Bucknell University Lewisburg, PA 17837

Keywords: Massive parallelism, lattice computer, real-time simulation, particle motion.

Abstract

One can approximate euclidean n-space by an n-dimensional geometric lattice. A bounded, connected, and convex region of eucldean n-space can be approximated by its intersection with the lattice, and one can naturally associate a lattice computer with this intersection: put synchronized processors centered on the lattice points of the intersection and connect all and only the (euclidean) nearest neighbors among these processors by identical, bidirectional communication channels.

An algorithm template is presented for (approximately) real-time analogical simulation, in such lattice computers, of constant speed particle motion in euclidean n-space, and a particular instance of the template is refined for constant speed straight-line particle motion. Discussed are the possibilities of using this algorithm for simulating constant speed solid body motion and the possible utility of this algorithm for circumventing, in a new way, the difficulties, pointed out by Frisch and Hasslacher, in simulating 3-dimensional fluid flow in lattice gas cellular automata.

�Research supported in part by NSF Grant CCR 8713846 at the University of Delaware. The email address for communication regarding this paper is ‘case@cis.udel.edu’.

1 Introduction

We are interested in the (discrete and approximately) real-time, analog simulation of physical motion in large (virtual or actual) lattice computers [She91, CRS91b, CRS94a, CRS94b, CCRS95]. Our eventual goals are to provide a comprehensive analog simulation approach for scientific computing and also a model of computing which exploits non-verbal representation of spatial/kinematic data for artificial intelligence [CRS94a].

Lattice computers are defined below. A small example lattice computer is pictured in Figure 1. In this figure, the balls represent synchronized processors and the sticks, identical, bidirectional communication channels between nearest neighbor processors.

Figure 1: A Small Lattice Computer Based on A_3

In general a lattice is a discrete analog of a vector space [Her64] over a euclidean n-space in which the scalar multipliers are integers (instead of reals) [CS93, GL87]. For example, Z^n, the set of n-tuples of integers is an n-dimensional lattice. Lattice computers are defined as follows. Suppose K is an n-dimensional lattice and K is a bounded, connected, and convex region of euclidean n-space. Then we get an associated lattice computer representing the region K, denoted M_K(K), as follows. Put synchronized processors centered on the points of (K ∩ K) and connect all and only the (euclidean) nearest neighbors in (K ∩ K) by identical, bidirectional communication channels. We think of any processor P in this machine, centered on a lattice point P , as representing a subregion of K “close to” P (more on this below).^1

The n-dimensional lattice A_n^{def}= [CS93]

{(a_0, a_1, a_2, . . . , a_n) ∈ Z^{n+1} | n∑ i=0 a_i = 0}. (1)

The lattice computer in Figure 1 is based on intersecting A_3 with a small parallelepiped region of euclidean 3-space. In crystallography, A_3 is the face-centered cubic lattice (found, for example, in crystalline argon), and it also is based on a standard, space-efficient stacking of oranges or cannon balls [CS93, Page 2].

The lattice computer depicted in Figure 2 provides a discrete representation of the corresponding parallelogram region of the plane (euclidean 2-space). Imagine a particle traveling in this region from S to the upper right hand corner along the depicted curve C. We would like to have, for example, an algorithm in the lattice computer of Figure 2 which, in effect, “lights up” any processor P resting on a corresponding lattice point P exactly during the time the particle is as close to P as to any other lattice point.^2 In [CRS94b], we showed how to do an (approximately) real-time, analog simulation of the motion of a constant speed, n-dimensional, spherical wave front, in a region K of euclidean n-space, using any lattice computer based on intersecting K with essentially an n-dimensional root lattice (see [CS93], just below, and, also, Definition 5 in Section 3 further below). Z^n and A_n above are root lattices. [RS91, RS95] provide an insightful, geometric characterization of root lattices (up to geometric similarity^3) useful for our purposes (see also [CS93]). For each point P in an n-dimensional lattice K, the Voronoi cell of P is the set of points in the corresponding euclidean n-space that are as close to P as to any other point in K. The Voronoi cells of any n-dimensional lattice are pairwise congruent, n-dimensional polytopes^4. For example, a Voronoi cell

1Sometimes in the present paper we refer to lattice computers as meshes. 2See the definition of Voronoi cell below.

3All of our characterizations of root lattices in the present paper will be up to geometric similarity. 4An n-dimensional polytope is the n-dimensional analog of a 3-dimensional polyhedron.

Figure 2: A Curve C and a Voronoi Cell in a Lattice Computer Based on A_2

of Z^n is an n-dimensional hypercube. A Voronoi cell of A_2 is a hexagon (see Figure 2), and a Voronoi cell of A_3 [CS93, Page 34] is a rhombic dodecahedron, a semi-regular polyhedron. Up to geometric similarity, the root lattices are characterized, then, as those whose Voronoi cells have an inscribed n-sphere [RS91, RS95, CS93].

It turns out that, in general, our algorithms to date work in the root lattices.^5 In the present paper we first present an algorithm template, CURVE (see Section 6), for carrying out simulations of the important special case of constant speed single particle motion. CURVE works in a large class of meshes based on the root lattices. Then (Section 7) we refine CURVE to obtain an example algorithm, TRANSLATE, for the special case of constant speed, (straight-line) translation of single particles. TRANSLATE can, then, be an integral part of an algorithm for producing constant speed, straight-line motion of solid objects (which consist of an aggregate of single particles) or of particles in fluids [CCRS95]. As should be clear from our remarks above about lighting up processors in Voronoi cells when and only when a particle is traveling in that Voronoi cell, our algorithms necessarily carefully control the timing of the message sending that simulates particle motion.

We also have another refinement REVOLVE of CURVE for constant speed circular motion [She91] which bears some resemblance to the graphics algorithm in [CDR92], but space does not permit its inclusion in the present paper. Also, because of space limitations, we omit, in the current draft, all proofs of results pertaining to correctness of the algorithms.

While the ideas we employ herein bear a resemblance to those of the interesting cellular automata approaches [Fey82, Min82, FT82, Tof84, TM87, Mar84, SW86, Mac86, Tof77b, Tof77a, Vic84, Wol83, Svo86, FHP86, Has87], our philosophy of algorithmic locality is not subject to the same apparent computational limitations. For example, although 2-dimensional analogical fluid flow simulations (based on the lattice A_2) can be carried out quite successfully with the cellular automata approach [SW86, Mac86], there are problems (for example using the lattice A_3) in the 3-dimensional case [FHP86, Has87]. We believe our algorithm TRANSLATE of Section 7 can serve as another basis for circumventing these problems. [Has87] notes that projecting from a fourth dimension (with two velocities) helps for some cases of fluid flow in the cellular automata approach. We expect our approach will be more general purpose for tackling a variety of cases computationally. Essentially TRANSLATE enables us to send particles in any virtual or mesh-representable direction at (approximately) constant speed. In A_3, while there are 12 hard-wired in directions available locally [CS93, FHP86, Has87], many more virtual directions are representable in a mesh based on A_3. The limitations of the cellular automata approach pointed out in [FHP86, Has87] are fundamentally tied to the geometric shape and symmetry of the local connectedness (e.g., the 12-connectedness of A_3). The cellular automata approach treats lattices as space rather than, as we do, as approximations to euclidean space. With TRANSLATE we can, in effect, add more virtual directions to try to circumvent these limitations in new ways and add generality. REVOLVE, not presented in the present paper, could be used to study fluid flow of charged particles in a constant magnetic field. Much remains to be tested and is expected be the topic of future papers.

2 Lattices and Voronoi Cells

In this section we introduce a few concepts and results of use in our algorithms.

5In [CRS90, CRS91a] we consider the regular lattices, another class of lattices desirable for discretely representing (bounded) regions of euclidean n-space, we note that Zn and An are (up to geometric similarity) the only n-dimensional lattices which are both root and regular, and provide various results witnessing the superiority of An.

Definition 1 Suppose K is an n-dimensional lattice, and K is a subset of K. Suppose P and O are distinct points in K.

1. The set of basic directions in K, denoted Dirs(K), is the set of minimal length vectors in K.

2. The nearest neighbors of P , denoted Nbrs_K(P ), is the set of points Q, in K, so that (Q−P ) ∈ Dirs(K).

3. The Graphical Path Length of P with respect to O, denoted GraphPL_K(P, O), is defined as:

GraphPL_K(P, O) = { 0, if P = O; 1 + min{GraphPL_K(Q, O)|Q ∈ Nbrs_K(P )}, otherwise.

(Note that GraphPL_K(P, Q) = GraphPL_K(Q, P ).)

4. N is an Inner Neighbor of P with respect to O in K, iff N ∈ Nbrs_K(P ), and

GraphPL_K(N, O) = GraphPL_K(P, O) − 1.

Inner_K(P, O) is the set of all points N, such that N is an inner neighbor of P with respect to O in K.

5. A sequence of points (P =)P_0, P_1, . . . P_m(= Q), P_i ∈ K, 0 ≤ i ≤ m, is a shortest path from P to Q in K, iff ∀i, 0 < i ≤ m, P_{i−1} ∈ Inner_K(P_i, P ). 6. K is convex with respect to K iff every shortest path, in K, between any two points in K is contained in K.

7. For any point P in K we say that K is P -convex with respect to K iff, for every point Q in K, Inner_K(Q, P ) ⊆ K. The following lemma characterizes subsets K of K which are convex with respect to K for lattices K.

Lemma 1 Suppose K is a lattice, and K ⊆ K. Then K is convex with respect to K iff, for each point P in K, K is P -convex with respect to K.

Definition 2 Let K be a subset of an n-dimensional lattice K ⊆ R^{n0} , n^′ ≥ n.

1. For points P and Q in K, d(P, Q) denotes the euclidean distance between P and Q, (P, Q) denotes the standard inner product in R^{n0} of the vectors P and Q in R^{n0} , and ‖P ‖^{def}= d(P,⃗0).

2. K is non-trivial iff there are three distinct non-collinear points, P , Q, and O, in K so that d(P, O) ≠ d(Q, O). Definition 3

1. Let n ≤ n^′. Then a function E : R^n → R^{n0} is an isomorphism from R^n (onto its image, E(R^n) = {E(x) ∈ R^{n0} | x ∈ R^n}) iff, for any x, y in R^n, and any real numbers α, β, (a) E(αx + βy) = αE(x) + βE(y), (i.e., E is a linear transformation) and, (b) ∃ a real number σ > 0 so that ‖E(x)‖ = σ‖x‖ (which implies that E preserves angles). The image of an isomorphism from R^n is called a perfect representation of R^n. (It can be easily shown that isomorphisms, as defined, are one-to-one.) Suppose K ⊆ R^{n0} , n^′ ≥ n is an n-dimensional lattice. Then, E^n_K denotes the unique perfect representation of R^n containing K. (For example, the plane {(x, y, z) ∈ R^3 | x + y + z = 0} is the perfect representation of R^2 containing A_2.)

2. Suppose K ⊆ R^{n0} , n^′ ≥ n is an n-dimensional lattice. For each point P in K, the Voronoi cell around P in K, denoted Voronoi(P, K), is the set of points in E^n_K that are closer to P than to any other point in K. The closure of the Voronoi cell around P in K is denoted by Voronoi(P, K).^6

6See [CS93] for more information about lattices and Voronoi cells around points in lattices; see [RS91, RS95] for a discussion of Voronoi cells around points in root lattices. The Voronoi cells in [CS93] (and those of Section 1 above) correspond to the closure of our Voronoi cells. Voronoi cells (and diagrams) of sets of points in two dimensional euclidean space have been studied extensively by researchers in Computational Geometry. Similarly, some line and curve drawing algorithms in Graphics turn out to light up a picture element (pixel) on a two dimensional square grid of pixels iff the line or curve passes through the Voronoi cell around the center of the pixel. [Aur90] is an excellent survey of all these applications of Voronoi cells. Nonetheless, the way Voronoi cells are employed in these areas differs from our usage.

We now state some facts regarding Voronoi cells around points in lattices.

Proposition 1 Suppose K is an n-dimensional lattice. Then, Voronoi cells around points in K tessellate E^n_K, i.e., (1) for any two distinct points, P and Q, in K, Voronoi(P, K) ∩ Voronoi(Q, K) = ∅, and (2) ⋃ P ∈K Voronoi(P, K) = E^n_K. (Here the overbar denotes closure.)

Proposition 2 Each Voronoi cell around a lattice point is a translate of the Voronoi cell around every other lattice point.

So, it suffices to define concepts, and state properties of Voronoi cells around points in a lattice K, in terms of Voronoi(⃗0, K).

Proposition 3 Suppose K is an n-dimensional lattice. Then, Voronoi(⃗0, K) is a convex, n-dimensional polytope bounded by (n − 1)-dimensional faces.

Definition 4 Suppose K is an n-dimensional lattice. A vector (point) P in K is called a relevant vector in

K iff (1) P is perpendicular to a face, F_P , of Voronoi(⃗0, K), and (2) 1 2 · P ∈ F_P . The set of relevant vectors

in K is denoted Rel(K).

We now state some facts about the set of relevant vectors in lattices. The following two propositions essentially provide a method to calculate membership in the closure of a Voronoi cell in finite time. (Also see [CS93].)

Proposition 4 For a lattice, K, Rel(K) is finite.

Proposition 5 Suppose K is a lattice. Then, x ∈ Voronoi(⃗0, K) ⇐⇒ (∀R ∈ Rel(K)) [ (x, R) ≤^{(R,R)}_2 ] . 3 Root Lattices and Meshes

As we noted in Section 1, our algorithms work in a wide class of n-dimensional lattices called root lattices. (See [CS93] for a definition of and a discussion of several well-known root lattices.) Using a characterization of root lattices from [RS91, RS95], we adopt the following definition for root lattices. In this section we define these, provide some useful technical results about Voronoi cells in them, and define an associated class of meshes called suitable in which our algorithms work.

Definition 5 Suppose K is an n-dimensional lattice. K is a root lattice iff Rel(K) = Dirs(K).

Two important consequences that immediately follow from the above definition are (see [RS91, RS95]):

1. there is a basis for K containing only minimal length vectors (we will then say that K is minimally generated), and

2. there is an n^′ ≥ n and an n-dimensional lattice K^′ ⊆ Z^{n0} that is geometrically similar to K (we will then say that K is integrally representable by K^′).

Consequence (1) guarantees that the graph induced by M_K(K) (with processors as vertices, and bi-directional communication channels as undirected edges) is connected (see [CRS90, CRS91a]). Consequence (2) enables us to carry out computations for our algorithms in M_K(K) using integer and integer vector arithmetic only. (See also [CRS90, CRS91a].)

In our algorithms, we will naturally want to send messages across the face of a Voronoi cell into its neighbor. It is useful for the timing of such message passing if the relevant vector between the corresponding lattice points of the Voronoi cells is minimal length, for, then, in a mesh based on the lattice, the processors corresponding to the lattice points are directly connected. See also Proposition 6 below.

Convention 1 Henceforth, L will denote a subset of Z^{n0} , n^′ ≥ n, that is an n-dimensional, root lattice. We will abbreviate E^n_L to E^n.

3.1 Voronoi Cells in Root Lattices

In this section we state some results that will be used in Section 6.5 below.

Proposition 6 x ∈ Voronoi(⃗0, L) ⇐⇒ (∀D ∈ Dirs(L)) [ (x, D) ≤^{(D,D)}_2 =^{MinLgth(L)2}_2 ] . Definition 6 For any two points a and b in E^n, [a, b) = the line segment, in E^n from a to b including the point a and not including the point b.

Lemma 2 Let L be a finite subset of L. Let x_1 and x_2 be two points in the convex hull of L. Let

Dirs_0(x_1, x_2, L) = {D ∈ Dirs(L)|((x_2 − x_1), D) = 0} and Dirs_+(x_1, x_2, L) = {D ∈ Dirs(L)|((x_2 − x_1), D) > 0}.

Then, for all points P ∈ L, there is a point in ([x_1, x_2) ∩ Voronoi(P, L)) iff

max{0, max{

(P − x_1, D) − (MinLgth(L)^2/2) ((x_2 − x_1), D)

| D ∈ Dirs_+(x_1, x_2, L)}}

≤ min{1, min{

(P − x_1, D) + (MinLgth(L)^2/2) ((x_2 − x_1), D)

| D ∈ Dirs_+(x_1, x_2, L)}}

< 1, (2) and max{((P − x_1), D) − (MinLgth(L)^2/2) | D ∈ Dirs_0(x_1, x_2, L)} ≤ 0 ≤ min{((P − x_1), D) + (MinLgth(L)^2/2) | D ∈ Dirs_0(x_1, x_2, L)}. (3)

3.2 Meshes Based on Root Lattices

For a point P in a n-dimensional lattice K, we will write M_K(P ) for M_K({P }).

Definition 7 Suppose L is a subset of L. Then, M_L(L) is a suitable mesh iff (1) n > 1, (2) L is convex with respect to L and non-trivial, and (3) M_L(L) satisfies Assumption 1 below.

Assumption 1

1. All communication channels in M_L(L) are identical in their abilities to carry data between processors.

We assume that all communication channels are capable of carrying the same amount of data in the same amount of time.

2. There is a common, finite set of basic instructions that every processor in M_L(L) can execute. These are the only basic instructions that any processor in M_L(L) can execute. Furthermore, the set of basic instructions must be sufficient to encode, at least, the specific application of Algorithm CURVE described in Section 7, below. For example, for receiving and sending immediate interprocessor information it would be helpful to have a system of in and out buffers in each processor.

3. The actual time to execute the same basic instruction by any processor in M_L(L) is a constant. By instruction cycle of a processor we mean the minimum possible time interval within which any single instruction can be fully executed by any processor. Hence, in each processor, each basic instruction takes the same instruction cycle amount of time to execute.

4. All processors in M_L(L) execute basic instructions synchronously, i.e., instruction cycles of all processors share a same, actual time interval. This discretizes time, for the mesh as a whole, into intervals of equal length. SimClock is the instruction counter for each M_L(P ).

5. There is a basic instruction idle till SimClock = X (4) and its semantics dictates that, it iterates passes of itself until, if ever, SimClock= X is true; if

SimClock= X is true, then the next instruction after (4) is instruction number X + 1. (Of course,

then, each pass of the instance of the idle till takes exactly one instruction cycle.)

6. There is a basic instruction simul send that allows each processor, M_L(P ) in M_L(L), to simultaneously send messages, in one instruction cycle, to any subset of the processors in M_L(Nbrs(P )∩L), one message to each element of the subset, possibly different messages to different elements of the subset.

Convention 2 In addition to Convention 1, henceforth, L will denote a subset of L so that M_L(L) is a suitable mesh. Also, from now on, since we will be dealing only with the lattice L, we will drop the subscript L. 4 Representation of Curves in Root Lattices

Suppose a particle starts at a point in L, and traces, over a period of time, a curve in E^n in which the points (in E^n) that the curve passes through are given by ρ(t), 0 ≤ t ∈ R, t a time paramenter. Further suppose for this paper that the traversal is at constant speed. We would like to simulate the motion of this particle in M(L).

Since we will be performing the simulation in a mesh (based on a lattice) consisting of discrete points, we need to define the representation, in the mesh, of the curve ρ. As expected, We would like each lattice point to represent a region of euclidean space around it consisting of (the closure of) its Voronoi cell (Definition 3).

We approximate ρ by the sequence of points, C, on ρ, so that ρ(0) ∈ C and the length of the arc segment of ρ between any two consecutive points, along ρ, in C, is a positive, real constant s. Then, we treat ρ as “equivalent” to the curve, ρ_s, which is made up (for each k, a non-negative integer) of straight line segments between consecutive points, ρ_s(k) and ρ_s(k + 1) in C. (We assume that, for all k ≥ 0 ρ_s(k + 1) ≠ ρ_s(k).) Our algorithm, actually, will simulate the motion of a particle, whose motion is given by ρ, as if the particle were moving along ρ_s, traversing each arc segment (of arc length s) in the same amount of time.

5 Simulating the Uniform Motion of a Particle

The progress along a curve, ρ_s, in M(L) is achieved in the simulation by the passage of messages from processor to neighboring processor. Thus the fastest that the particle could travel in the simulation is s units of euclidean distance in one unit of simulation time.^7 This fastest speed cannot be achieved for the following reason. It may be the case that at simulation time t_s the particle is in the Voronoi cell around the lattice point P , and at simulation time t_s + 1, the particle is in the Voronoi cell around a lattice point which is not a neighbor of P . Geometrically, this can happen (in dimensions 3 and above) when the segment of length s is near a euclidean point where more than two Voronoi cells meet. We circumvent this problem by introducing a dilation factor for simulation time, or, in other words, we slow down the simulation by using more than one simulation step to simulate the particle traversing the segment of length s. We need to calculate how many simulation steps we need, then, per segment of length s. Towards this, we define a few concepts.

Definition 8 Suppose the non-trivial straight line segment [a, b) ⊆ E^n.

1. A sequence of points from L, ⟨P_1, . . . , P_k⟩, is a covering path for [a, b) in L (written:

Cov(⟨P_1, . . . , P_k⟩, [a, b), L)) iff

(a) (∀i, 1 ≤ i < k)[P_i is a neighbor of P_{i+1}],

(b) (a ∈ Voronoi(P_1, L) and b ∈ Voronoi(P_k , L)),

(c) (∀i, 1 ≤ i ≤ k)[([a, b) ∩ Voronoi(P_i, L)) ≠ ∅), and

(d) [a, b) ⊆ ∪^k_{1=1}Voronoi(P_i, L).

2. The length of such a covering path ⟨P_1, . . . , P_k⟩ is (by definition) k and is denoted by CPL(⟨P_1, . . . , P_k⟩).

3. MinCov([a, b), L)^{def}= min{CPL(⟨P_1, . . . , P_k⟩) | Cov(⟨P_1, . . . , P_k⟩, [a, b), L)}.

4. MPL_s(L)^{def}=

max{MinCov([a^′, b^′), L) | [a^′, b^′) is a non-trivial line segment in E^n and d(a^′, b^′) ≤ s}.

7In M(L), an instruction cycle (see Assumption 1) is the smallest unit of simulation time. Nonetheless, for most algorithms,

processors will need to perform some computations upon receiving messages before sending any messages. For any algorithm, if the amount of time (number of instruction cycles) needed to perform these computations by any processor is bounded by a constant, T , that can be determined prior to executing the algorithm, then T can be chosen as the unit of simulation time. For the algorithm presented in Section 7 below, we show that T exists and can be calculated prior to executing the algorithm.

Clearly, then, if the speed, in the simulation, of the particle is slowed down by a factor of, at least MPL_s(L), we do not have the problem mentioned above.

It is possible, though not easy, to calculate MPL_s(L) for every root lattice L since, in these cases, there exist (often tedious) algorithms to generate the set of vertices of Voronoi cells around the origin of L (see [CS93]). Nonetheless, we can calculate MPL_s(Z^n) and MPL_s(A_n) rather easily. (See Section 1 for definitions of Z^n and A_n. Both these lattices are root lattices (see [CS93]). See [CRS90] for our interest in these lattices, particularly in A_n.)

In Propositions 7 and 8 below, we give the values for MPL_s(Z^n) and MPL_s(A_n), respectively. (The upper bound on s in each of these propositions can, perhaps, be improved; for our purposes, this upper bound suffices.)

Proposition 7 ∀s < 1/2, MPL_s(Z^n) = (n + 1).

Proposition 8 ∀s < MinLgth(A_n)/2, MPL_s(A_n) = ⌊^{n+1}_2 ⌋ + 1.

6 Algorithm CURVE

In this section, we describe an algorithm template, CURVE, for the simulation of a particle moving along a curve ρ_s (see Section 4 above) at constant speed. For simplicity we’ll hereinafter refer to this algorithm template as an algorithm.

Under the assumption that the values of all boolean expressions and all declared variables (see Sections 6.1 and 6.3 below) can be computed exactly, we show, via Theorem 1, that the suitable mesh M(L), executing Algorithm CURVE, simulates a particle moving along the curve ρ_s so that the speed of the particle in the simulation is (approximately) constant. Theorem 1 expresses the correctness of the algorithm.

To completely specify instances of CURVE, it turns out to suffice to further specify:

1. additional contents of messages, and

2. how to perform the tests in step 2 of Algorithm CURVE (see Section 6.4 below).

In Section 6.6, we elaborate on the tests that need to be performed in step 2 in Algorithm CURVE, and show that all these tests involve rational expressions in ρ_s(k) and ρ_s(k + 1). Later, in Section 7, we will enumerate the contents of messages, and will give the exact expressions for ρ_s(k), for a specific instance of Algorithm CURVE, namely translation at constant speed. There, we will also show that, in this specific instance, the values of all boolean expressions and declared variables can be computed exactly using integers only.

We make the following assumptions regarding the execution of (an instance of) Algorithm CURVE.

Assumption 2

1. When running Algorithm CURVE we think of the algorithm being present in each processor in M(L).

2. For purposes of simplicity and exposition, at any time that M(L) is running one of the instances of Algorithm CURVE, there is not some unrelated process, e.g., another instance of Algorithm CURVE, running at the same time. (We do not discuss here, for example, the interesting problem of the simulation of two or more particles undergoing different, or perhaps the same, kinds of motion [CCRS95].)

3. For an instance of Algorithm CURVE, simulating a particle traversing a curve ρ at constant speed, there will be a specified processor, M(I) = ρ(0), where the motion simulated by that instance will begin. This M(I) will be called, only at the beginning of the simulation, the Initiator.

4. At any time, a processor is said to have completed a pass of Algorithm CURVE iff at that time it completes executing step 3 of Algorithm CURVE.

5. As soon as a processor, M(P ), has completed a pass of Algorithm CURVE, M(P ) goes back to executing step 1 of Algorithm CURVE.

6. Algorithm CURVE, in each processor, M(P ), has its own, predefined, “automatic” variables called

SimClock and PassCount that can be accessed. SimClock, at each time, contains the integer number of

instruction cycles completed since the beginning of the simulation. PassCount, at each time, contains the integer number of passes completed by M(P ) since the beginning of the simulation. SimClock is “automatic” in the sense that, with each instruction cycle completed by M(P ), this variable is automatically incremented by one in M(P ). PassCount is “automatic” in the sense that, with each pass, of Algorithm CURVE, completed by M(P ), this variable is automatically incremented by one in M(P ). 7. A simulation begins, exactly when an external (to the mesh) input turns on all the processors to begin executing Algorithm CURVE and that external input initializes the variable Done to false in the Initiator and to true in all the other processors in M(K). The initialization of the Initiator will sometimes be referred to as its activation.

8. For our purposes of simplicity and exposition, at any time after a simulation begins, no external input which influences the progress of simulation is provided to any processor in the mesh.

9. We will assume that s < MinLgth(L)/2, is a rational number.

6.1 Constants

const PathLgthDil;

This is the extra temporal dilation factor MPL_s(L) introduced in Section 5 above. Its value is set based on the lattice L on which the mesh is based and the value of s. const CompLen;

CompLen is an integer constant dependent on the coding of the particular instance of Algorithm CURVE

being executed. Its value, which can be calculated prior to the execution of the algorithm, is the maximum time that any processor takes to complete one pass of the algorithm.

6.2 Types

type Directions= Dirs(L);

type MessageType = ⟨ A record whose fields hold information appropriate for executing Algorithm CURVE. ⟩;

Values of this type are finite sequences of software entities, which are either integers, or integer vectors. Such values represent the messages that can be sent from a processor to any one of its neighbors. These messages are the only means for a processor to communicate with neighboring processors. type DirectionBuffer = record InMessage, OutMessage : MessageType; SendTime : integer; . . end;

Values of this type are aggregates of values of type MessageType, integers, or integer vectors, and values of basic types (integer and boolean). Values of this type contain all relevant information pertaining to basic directions in the mesh.

6.3 Variables

var Done: boolean;

At the beginning of a simulation, the boolean variable Done in each processor, M(P ), except the Initiator, has the value true. The Initiator has the value false. This variable is set to false automatically when M(P ) receives a message. It can also be set to true or false by an algorithm. var D : Directions;

This is a variable ranging over the values of type Directions. var InDirs, SendDirs, SendThisPass : set of Directions;

These are variables that range over the subsets of the set of values of type Directions. InDirs is used to store the set of directions from which a processor gets messages; at the beginning of each simulation it has the value ∅. SendDirs is used to store the set of directions in which the processor needs to send messages, and SendThisPass is used to store the set of basic directions in which the processor needs to send messages at the end of the current pass.

var Buf : DirectionBuffer indexed by Directions;

This variable stores an indexed set, whose elements are elements of DirectionBuffer indexed by an element of Directions. We do not assume any ordering on the set Directions, and hence no ordering on the elements of this variable. By definition, this set does not contain two elements that are indexed by the same element of Directions. We note here two ways to implement this variable, but any implementation achieving this effect will do. One way to implement this variable is as an array variable, indexed by the values of type

Directions, and containing values of type DirectionBuffer. An alternate method for implementing this

variable is as a function from Directions to values of type DirectionBuffer. The aim is to be able to associate, with each basic direction, a value of type DirectionBuffer. At any stage in the simulation, for each basic direction in the mesh there is a value of type DirectionBuffer. var REPR : boolean;

Roughly, in each processor, REPR = true during a pass is used to denote whether the phenomenon being simulated is being represented by that processor sometime during that pass. Intuitively, REPR = true when and only when the processor is “lit up” to indicate the particle is in its Voronoi cell.

REPR is initialized to false in each processor, at the beginning of a simulation. Specific instances of Algorithm CURVE set and reset this variable in steps 1 and/or 2 of Algorithm CURVE. var leftend;

This variable is initialized externally for the Initiator, M(I), to 0. When, if ever, a processor, M(P ), receives a message from another processor, M(P ) initializes the value of this variable from an appropriate field in that message. If the value received is k, this means that the particle being simulated is on the line segment [ρ_s(k), ρ_s(k + 1)). M(P ) can use and set leftend . var tin ;

This variable is initialized externally for the Initiator, M(I), to 0. When, if ever, a processor, M(P ), receives a message, M(P ) initializes the value of this variable from an appropriate field in that message. If the value received is k, this means that this message was sent, to M(P ), at the end of k passes. M(P ) can use and set tin .

6.4 Executable Part of Algorithm CURVE

We describe Algorithm CURVE as if it were being executed by processor M(P ).

begin

1. if Done then goto step 3;

else if (not REPR) then Initialize Parameters using external input, if any, and { Buf ⟨D⟩.InMessage|D ∈ InDirs }, if non-empty;

endif; endif;

2. if [ρ_s(leftend), ρ_s(leftend + 1)) ∩ Voronoi(P, L) = ∅ then REPR := false; Done := true; goto step 3;

else

REPR := true; SendDirs := ∅;

if not (ρ_s(leftend + 1) ∈ Voronoi(P, L)) then SendDirs := {D|((ρ_s(leftend + 1) − P ), D) ≥ MinLgth(L)^2/2};

if (ρ_s(leftend + 1) ∈ Voronoi(P, L)) then for each D ∈ SendDirs, Buf ⟨D⟩.OutMessage.tin :=

PathLgthDil · (leftend + 1);

Buf ⟨D⟩.OutMessage.leftend := leftend + 1; endfor;

else

for each D ∈ SendDirs, Buf ⟨D⟩.OutMessage.tin := tin + 1; Buf ⟨D⟩.OutMessage.leftend := leftend;

endfor; endif;

endif; endif;

tin := tin + 1;

leftend := (tin div PathLgthDil); SendThisPass :=

{D ∈ SendDirs | Buf ⟨D⟩.OutMessage.tin = PassCount}; 3. idle till SimClock = (CompLen · PassCount) − 1;

simul send

Buf ⟨D⟩.OutMessage in direction D, for each D ∈ SendThisPass; endsend;

end.

6.5 Correctness of Algorithm CURVE

We first define some terminology useful in expressing the correctness of Algorithm CURVE. Notation 1

1. For natural numbers a < b, (a, b] will denote the set {x ∈ N|a < x ≤ b}.^8 2. For S ⊆ N, and natural numbers a < b, (a, b] ⊑ S will denote the statement (∃y ∈ N)(∀x ∈ N | a < y ≤ x ≤ b)[x ∈ S]. (Of course (a, b] ⊑ S is mathematically equivalent to b ∈ S.) Note that, if (a, b] ⊆ S then (a, b] ⊑ S.

3. For succinctness, we will sometimes use P L for PathLgthDil and CL for CompLen. 4. Recall that basic simulation time is measured in instruction cycles. If during a simulation time interval (t_s, t_s + 1], REPR is true, in the copy of the program (encoding Algorithm CURVE) being executed by M(P ), then we say that M(P ) is in the state REPR at simulation time (t_s + 1). REPR(P ) is the set of all simulation time units at which M(P ) is in the state REPR.

Theorem 1 [ρ_s(k), ρ_s(k + 1)) ∩ Voronoi(P, L) ≠ ∅ ⇐⇒ (CL · PL · k, CL · PL · (k + 1)] ⊑ REPR(P ).

Clearly the simulated particle travels s units of euclidean distance per CL · PL instruction cycles worth of time. It follows from Theorem 1 just above that the cumulative, relative error in the timing of the message arrivals that simulates the particle motion tends to zero as the particle move along. Furthermore, if we let t(P ) be the time at which a message reaches M_L(P ), then there are positive constants c and ϵ so that, for each processor M_L(P ) on the representation of ρ_s, M_L(I), |t(P ) − c · d(P, I)| < ϵ.

8Context will resolve any ambiguity as to whether intervals are real or integer.

6.6 Elaboration of Steps in Algorithm CURVE

As mentioned in Section 6.4, the only step that needs elaboration is step 2. To do this, it is enough to elaborate upon:

1. performing the check [ρ_s(k), ρ_s(k + 1)) ∩ Voronoi(P, L) ≠ ∅,

2. performing the check ρ_s(k) ∈ Voronoi(P, L),

3. performing the check ρ_s(k) ∈ Voronoi(P, L), and

4. computing SendDirs.

We assume here that the computations are being performed by processor M(P ).

Performing the check, [ρ_s(k), ρ_s(k + 1)) ∩ Voronoi(P, L) ≠ ∅, in step 2

We assume that ρ_s(k) can be computed for any k ∈ N. Notice that the verification of inequalities (2) and (3), in Lemma 2, involves evaluating expressions that are rational in ρ_s(k) and ρ_s(k + 1) when these are substituted in for x_1 and x_2, respectively.

Performing the checks ρ_s(k) ∈ Voronoi(P, L) and ρ_s(k) ∈ Voronoi(P, L).

By Proposition 6,

ρ_s(k) ∈ Voronoi(P, L) ⇐⇒ ∀D ∈ Dirs(L), |((ρ_s(k) − P ), D)| < MinLgth(L)^2/2, and

ρ_s(k) ∈ Voronoi(P, L) ⇐⇒ ∀D ∈ Dirs(L), |((ρ_s(k) − P ), D)| ≤ MinLgth(L)^2/2. Again, notice that the verification of each inequality for a direction D involves evaluating expressions that are rational in ρ_s(k). Computing SendDirs

In Algorithm CURVE

SendDirs := {D ∈ Dirs(L) | ((ρ_s(k) − P ), D) ≥ MinLgth(L)^2/2}, for some values of k.

Clearly, for each D, the evaluation of the condition for the inclusion of D in SendDirs involves expressions that are rational in ρ_s(k).

Inspection of the expressions involved in performing the checks ρ_s(k) ∈ Voronoi(P, L), and ρ_s(k) ∈ Voronoi(P, L) shows that, if these checks can be performed using integers only, then so can SendDirs.

7 Example Application 1: Particle Moving Along a Straight Line at Uniform Speed

Lemma 3 Let q_1, q_2, q_3 and q_4 be rational numbers. Let a = √ q_1 · q_2, and b = √ q_3 · q_4, where √ q_1 and √ q_3 are positive square roots of q_1 and q_3, respectively. Then, the check (a > b) can be performed using integers only.

We assume that a particle is being translated from a Initiator M(I), in M(L), along the direction, given by the point Destination, in L. Let M(P^′) denote an arbitrary processor in L.

Convention 3 To avoid a plethora of expressions of the form (P^′ − I) and (Destination − I) in formulas, we make the following conventions that in this section

1. P denotes (P^′ − I) and 2. Dest denotes (Destination − I).

7.1 Contents of Messages

Processor M(P^′) must receive the following in its messages.

1. the representation of the point P ( = P^′ − I).

2. the representation of the point Dest ( = Destination − I).

3. an integer value, t, in the field tin such that CompLen · t is the simulation time at which M(P ) was sent this message.

4. an integer value, l, in the field leftend so that the interval [ρ_s(l), ρ_s(l + 1)) is the interval on ρ_s that the simulation is attempting to represent when M(P ) executes step 2.

Given the values leftend and (tin − leftend · PathLgthDil), and assuming that the value of the constant

PathLgthDil is accessible to every processor, it is possible to evaluate tin . Actual implementations could

use this fact to reduce the number of bits used in passing the information in items 3 and 4 above.

7.2 Choice of ρ_s

In the elaboration of step 2 of Algorithm TRANSLATE as an instance of the algorithm template CURVE, we will use the following expression for ρ_s(k), and we will show that all the checks, and computations that need to be performed in step 2 are computable. Note, however, that the numerical value of ρ_s(k) itself may not be rational. As previously indicated we take here s < MinLgth(L)/2, a rational number.

ρ_s(k) = s · k ‖Dest‖ Dest.

7.3 Testing: [ρ_s(k), ρ_s(k + 1)) ∩ Voronoi(P, L) ≠ ∅

This test is done by a massive application of Lemmas refint-check and 2. In particular these lemmas guarantee the test can be completed using only integer arithmetic.

7.4 Tests: ρ_s(k) ∈ Voronoi(P, L) and ρ_s(k) ∈ Voronoi(P, L).

It is easy to show that the condition |((ρ_s(k) − P ), D)| ≤ MinLgth(L)^2/2 can be checked, using integers only, for each direction D in Dirs(L).

References

[Aur90] F. Aurenhammer. Voronoi diagrams—a survey of a fundamental geometric data structure. Technical Report B-90-9, Institute for Computer Science, Dept. of Mathematics, Freie Universität Berlin, November 1990.

[CCRS95] J. Case, S. Chitoor, D. Rajan, and A. Shende. Multi-particle motion in lattice computers. Writeup in preparation, 1995.

[CDR92] J. Canny, B. R. Donald, and E. K. Ressler. A rational rotation method for robust geometric algorithms. In Proc. 8th Annu. ACM Sympos. Comput. Geom., pages 251–260, 1992.

[CRS90] J. Case, D. Rajan, and A. Shende. Optimally representing euclidean space discretely for analogically simulating physical phenomena. In K. V. Nori, editor, Foundations of Software Technology & Theoretical Computer Science, volume 472 of Lecture Notes in Computer Science, pages 190–203. Springer Verlag, Berlin, 1990. See [CRS91a].

[CRS91a] J. Case, D. Rajan, and A. Shende. Lattice computers for optimally representing euclidean space.

Technical Report 91-15, University of Delaware, June 1991. Expands on and corrects slightly [CRS90].

[CRS91b] J. Case, D. Rajan, and A. Shende. Simulating uniform motion in lattice computers I: Constant speed particle translation. Technical Report 91-17, University of Delaware, June 1991.

[CRS94a] J. Case, D. Rajan, and A. Shende. Representing the spatial/kinematic domain and lattice computers. Journal of Experimental and Theoretical Artificial Intelligence, 6:17–40, 1994.

[CRS94b] J. Case, D. Rajan, and A. Shende. Spherical wave front generation in lattice computers, May 1994. In Journal of Computing and Information, 1(1), Special Issue: Proceedings of the 6th International Conference on Computing and Information, Peterborough, Ontario, Canada (http://www.cs.tufts.edu/icci/94); journal version in preparation.

[CS93] J. Conway and N. Sloane. Sphere Packings, Lattices and Groups. Springer Verlag, second edition, 1993.

[Fey82] R. P. Feynman. Simulating physics with computers. International Journal of Theoretical Physics, 21(6/7), 1982.

[FHP86] U. Frish, B. Hasslacher, and Y. Pomeau. Lattice-gas automata for the Navier Stokes equation.

Physical Review Letters, 56(14):1505–1508, April 1986.

[FT82] Edward Fredkin and Tommaso Toffoli. Conservative logic. International Journal of Theoretical Physics, 21(3/4), 1982.

[GL87] Peter M. Gruber and Gerrit Lekkerkerker. Geometry of Numbers. North-Holland Mathematical Library, 1987.

[Has87] Brosl Hasslacher. Discrete fluids. Los Alamos Science, (15):175–217, 1987. Special Issue. [Her64] I. N. Herstein. Topics in Algebra. Blaisdell Publishing Co., 1964.

[Mac86] Thinking Machines. Introduction to data level parallelism. Technical Report 86.14, Thinking Machines, April 1986.

[Mar84] N. Margolus. Physics–like models of computation. Physica 10D, pages 81–95, 1984. [Min82] M. Minsky. Cellular vacuum. International Journal of Theoretical Physics, 21(6/7), 1982. [RS91] D. Rajan and A. Shende. Efficiently generated lattices and root lattices. Technical Report 92-02, University of Delaware, August 1991. Journal version submitted.

[RS95] Dayanand S. Rajan and Anil M. Shende. A characterization of root lattices. Discrete Mathematics, 1995. To appear.

[She91] A. Shende. Digital Analog Simulation of Uniform Motion in Representations of Physical n-Space by Lattice-Work MIMD Computer Architectures. PhD thesis, SUNY at Buffalo, Buffalo, N. Y., 1991. TR 91-14, Department of Computer Science.

[Svo86] K. Svozil. Are quantum fields cellular automata? Physics Letters A, 119(4), December 1986. [SW86] J. B. Salem and S. Wolfram. Thermodynamics and hydrodynamics with cellular automata. In S. Wolfram, editor, Theory and Applications of Cellular Automata. World Scientific, 1986.

[TM87] Tommaso Toffoli and Norman Margolus. Cellular Automata Machines. MIT Press, 1987. [Tof77a] Tommaso Toffoli. Cellular automata machines. Technical Report 208, Comp. Comm. Sci. Dept., University of Michigan, 1977.

[Tof77b] Tommaso Toffoli. Computation and construction universality of reversible cellular automata.

Journal of Computer and System Sciences, 15:213–231, 1977.

[Tof84] T. Toffoli. CAM: A high–performance cellular–automaton machine. Physica 10D, pages 195–204, 1984.

[Vic84] G. Vichniac. Simulating physics with cellular automata. Physica 10D, pages 96–116, 1984. [Wol83] Stephen Wolfram. Statistical mechanics of cellular automata. Reviews of Modern Physics, 55(3):601–644, July 1983.